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Abstract. The one-dimensional on-line bin-packing problem is considered. A simple O(1)-space and
O(n)-time algorithm, called HARMONIC,,, is presented. It is shown that this algorithm can achieve a
worst-case performance ratio of less than 1.692, which is better than that of the O(n)-space and
O(n log n)-time algorithm FIRST FIT. Also shown is that 1.691. .. is a lower bound for all O(1)-space
on-line bin-packing algorithms. Finally a revised version of HARMONIC,,, an O(n)-space and O(n)-
time algorithm, is presented and is shown to have a worst-case performance ratio of less than 1.636.

Categories and Subject Descriptors: F2.2 [Analysis of Algorithms and Problem Complexity): Nonnu-
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1. Introduction

The classical (one-dimensional) bin-packing problem is to pack a list of items L =
(@, @z, . .., an), where a; € (0, 1] for all i, into a minimum number of bins each
of unit capacity. This problem arises in a wide variety of contexts and has been
studied extensively since the early 1970s. Since this problem has been shown to be
NP-complete [3, 8], various heuristic algorithms with guaranteed bounds on
performance have been proposed [5-7]. Summaries of these results can be found
in the surveys by Garey and Johnson [4] and Coffman et al. [2].

Let L* and A(L) denote, respectively, the number of bins used by an optimum
algorithm and the number of bins used by a heurustic algorithm A4 to pack the
input list L. Then, the worst-case performance ratio of 4, denoted by r(4), is
defined as lim;»_.. sup; [4(L)/L*]. This ratio is customarily used to evaluate the
performance of a heuristic bin-packing algorithm.

In this paper we deal only with on-line bin packing for which items in the list
must be processed in exactly the same order as they are given, one at a time. The
on-line processing is difficult owing to unpredictable item sizes that may appear.
In general, the performance of an on-line bin-packing algorithm is substantially
affected by the permutation of items in a given list. The NEXT-FIT and FIRST-
FIT are two well-known on-line bin-packing algorithms [2, 4]. It is not difficult to
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prove that (NEXT-FIT) = 2, while the proof of r(FIRST-FIT) = 1.7 is fairly
involved [7].

A question was raised by Johnson [6] as to whether or not there exists a
polynomial-time on-line algorithm A better than FIRST-FIT (i.e., with r(4) < 1.7)
and was recently resolved by Yao [12] in the affirmative. To be precise, Yao has
presented an algorithm, dubbed REFINED FIRST-FIT, with a worst-case perform-
ance ratio of 5/3 = 1.666 . .., which is the best ratio achieved by an on-line bin-
packing algorithm known to date. In the same paper [12], Yao also established
that any on-line algorithm 4 must have a worst-case performance ratio of at least
1.5. The bound was later improved to 1.536 . .. by Liang [11] and Brown [1].

In addition to the performance ratio, we also consider the time and the space
complexity of on-line bin-packing algorithms. We use T4(n) to denote the total
time required by on-line bin-packing algorithm A to pack the list L whose size is
n, and refer to algorithm A as a T4(n)-time algorithm. Thus, NEXT-FIT is an
O(n)-time algorithm, whereas FIRST-FIT and REFINED FIRST-FIT are both
O(nlog n)-time algorithms. For convenience, a nonempty bin during the processing
is called “filled” if it is not intended to pack any more items and “active” if it is.
Using the uniform cost criterion for space, we need one storage location for each
active bin. As soon as a bin becomes filled, it is among the output of the algorithm
used, and we do not count its storage location in defining the space complexity of
the algorithm. Specifically, we use S4(7) to denote the maximum number of storage
locations (for active bins) needed by algorithm A4 during the processing of the list
L whose size is n, and refer to algorithm A4 as an S4(n)-space algorithm. For
example, NEXT-FIT is an O(1)-space algorithm, since it involves only one active
bin at all times, and FIRST-FIT is an O(n)-space algorithm, since in this case all
nonempty bins remain active until the end of the processing.

In this paper we present a new on-line bin-packing algorithm, called HAR-
MONIC,,, which is based on a special, nonuniform partitioning of the interval
(0, 1] into M subintervals, where M is not to exceed 12 in practice. The algo-
rithm uses no more than the constant A storage locations and runs in O(n)
time. The worst-case performance ratio is shown to be strictly better than that of
FIRST-FIT for M > 6. Specifically, it is shown that (HARMONIC,,) = 1.692 . ..
for M = 12, and that limas_.. (HARMONIC;,) = 1.6910 . . .. Moreover, we show
that 1.6910 ... is the greatest lower bound for all O(1)-space on-line bin-packing
algorithms. It can be shown [10] that the expected-case performance ratio of
HARMONIC,, is substantially better than that of NEXT-FIT when the item sizes
are uniformly distributed. Finally, a slightly modified version of HARMONIC),,,
called REFINED-HARMONIC, is presented. It is an O(n)-space and O(n)-time
algorithm and its worst-case performance ratio is shown to be better than 1.636.

2. The Algorithm HARMONICy,

Given a list L = (a,, a, . .., a,), where a; € (0, 1] for all i, we classify each item
a; according to the following “harmonic partitioning” of the unit interval (0, 1]:
0, 1] =U¥ I, where I, = (1/(k + 1), 1/k], 1 <= k<M and I, = (0, 1/M], where
M is a positive integer. An item g; will be called an ly-piece if @, € Iy, | = k < M.
Similarly, the bins are also classified into M categories. A bin designated to pack
I-pieces exclusively is called an [,-bin. Note that each I;-bin packs at most k Ii-
pieces for 1 = k < M and is referred to as being filled if it has exactly k Ii-pieces,
and unfilled otherwise. Let m; denote the number of Ii-bins used by the algorithm,
1 < k = M. In the following algorithm, we keep at all times an active (unfilled) /;-
bin foreach | = k < M.
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Algorithm HARMONIC),

Fork:=1toMdo m, <0
Fori:=1tondo
If a; is an Ii-piece, | =k <M
then begin place a; into the I;-bin
if the I;-bin is filled
then my «— my + 1 and get a new J;-bin
end
else (Comment:. a; is an I rpiece)
begin
if there is room for a; in the I-bin
then pack it
else my < my, + 1 and get a new I-bin
end

This algorithm essentially performs item classification for each incoming item
and then packs it by NEXT-FIT into a corresponding bin. Since item classification
can be done in O(log M) time, and there are only M active bins at any time, the
algorithm runs in O(nlog M) time and uses M storage spaces for active bins. As is
shown later, the worst-case performance ratio of the algorithm is insensitive to the
partition number M; a reasonable and practical range of M is 3 = M < 12.
Therefore, M can be regarded as a constant, and hence we have an O(1)-space and
O(n)-time algorithm. Another crucial advantage of this algorithm is that each filled
I-bin, 1 < k < M, packs exactly k items, irrespective of the actual sizes of these
items in the interval I;. Also, except for I ~bins, the number of bins used by
HARMONIC,, is completely independent of the arriving order of items. In other
words, except for I,,~bins, any permutation of the items in L will result in the same
number of bins used by HARMONIC,,. These advantages make the analysis of its
worst-case performance relatively easy and is the motivation of doing the harmonic
partitioning.

3. Worst-Case Analysis of HARMONIC),

Let n, denote the number of I.-pieces in the list L, for 1 < k < M, and s, denote
the total size of Ij~pieces, that is, Sp = Yaer,,a:. The total number of bins used by
HARMONIC,,, denoted HARMONIC,(L), is 4L, 7, where my is the number
of I,-bins used. It is easy to see that

m, = n (31)
andfor2 <k< M,
= [
my = [k-l’ (3.2)

where [x1 denotes the smallest integer no less than x.
Since the size of each I ,-piece is at most 1/M, each filled I,,~-bin must be packed
to a capacity greater than (M — 1)/M. We thus have

Sm
my < ’Vm‘l . (3.3)
Combining (3.1)-(3.3) we have

HARMONICy(L) = n, + [52%} + et LT}M——_IJWM

n; Nar—1 Msy
<n1+2+-~-+M_1+M_1+(M 1). (3.4
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The last term (M = 1) of (3.4) accounts for the total number of possibly unfilled
bins at the end of the processing and can be ignored when asymptotic performance
ratio is considered. Asymptotically, each I;-piece costs HARMONIC,, 1/k bin, for
1 = k < M, and an I rpiece of size y will cost HARMONIC,, no more than
My/(M - 1) of a bin. We therefore define a fraction function g in (0, 1] as

1 .
g(x)=z if xel and l=k< M

Mx .
=1 if X € Iy. (3.5
Consider an optimal packing that uses L* bins. Let the content of the ith bin be
denoted as (yi1, yi2, - - -, Vi), £: >0, with y;; = yp = - .- = y;, > 0. Since each bin
has a maximum capacity 1, we have y; + y» + --- + Vi, < 1. Thus, the list L =
(a1, as, . . ., a,) of items can be expressed as the concatenation of L* lists, (v, Vi,
c ) i =1,2, ..., L* each of which corresponds to the content of a bin in

the optimal packing. In terms of the fraction function g, the number of bins used
by HARMONIC,,, for a given M, to pack (i, Va2, . .., Vi) can be written as

]
Gi,M = 2 g(yim)9 i= 1, 2, ey L*,
m=1

Let S = {(y1, 2, ..., ») ¥ >0, 1 =i =¢and ¥i,y; < 1} be the set containing
all possible partitions of 1, and let Gy = sups Yi—1 g(;). Thus, we have Gy < Gy
for all / and we can therefore rewrite (3.4) as

HARMONIC (L) < ig(a,—) +(M-1)

L*

=YXGu+(M-1)
i=1

< (Gu)L* + (M - 1). (3.6)

This implies that Gy, is an upper bound for the worst-case performance ratio for
HARMONIC,, since

HARMONIC,,(L)
L*
Therefore, we shall concentrate on finding the bound on the number Gy =

Yi-18(i), given Tl y; = 1.

Forxe I, 1 < k< M, we have x > 1/(k + 1) and g(x) = 1/k and, therefore,
g(x)/x = 1/(kx) < (k + 1)/k. Since (k + 1)/k is monotone decreasing with &, we
have the following inequality:

r(HARMONIC) = lim e Sup,

=< GM

gx) _k+1 1
o < % if x< % and l=k<M. 3.7
Define the sequence k;, as follows:
k=1 and k,‘+1 = k,‘(k,' + 1) for i=1. (38)

It is not difficult to see that
| Lt |

=1-

E j=1kj+ 1

for i=2. 3.9)
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We now prove our main result.

THEOREM 1. Fori> |\, ki< M < ki1, where k; is given by (3.8),

M
kisr (M = 1)°

PROOF. Let Qu = Sy 1/kj + M/(kiri(M — 1)). First, if y, € I,, then y, < 1/2
= 1/k, for | = i =< t. From (3.7), we have g(3;) < 3y/2 and therefore Gy <
3/2%i<1yi < 3/2 < Qu for M > k. Next let us assume that y, € Iy, , € I, . . .,
Vi~1 € Ix,_,, and y; & I, for some j < i. Then ¥y = 1/k;jand y, < 1/(k; + 1) for
all s = j. Thus, from (3.7) and (3.8), we have

=1

L Ys(ki + 2)
GM“S;,k+E ki + 1

_SL 1+ + D)

HHARMONICy) < Gy = 3 % +
1K

s=1 kx kj
J+l i+1
= — < < QM-
s=1 s-—l
Finally, suppose that y; € Ii,, y» € Ikz, ...y Vi € I,. Then we have Yy ys <

1/kiv1, and since M < ku,, ys € Iy for s > k. Thus, Gy = Y 1/k; +
M/(M = 1) ¥ieks1 Vs < Qu. In addition, it is easy to verify that lim,,o Gu» = Qum
ify;=1/(kj+ 1) + efor | =j=<iand Xk ys=1/(kjs1) — ¢. We conclude that
Gu=Qu. QE.D.

COROLLARY 1
1

lim r(HARMONICy) < G = Y,
J=1

—1+1+1+—1—+ ! + -
h 276 42443

= 1.6910....

The numerical values of the performance bound G, for various M are listed in
TableI. In view of Corollary 1 and G, = 1.6926. . . (see Table I), little improvement
on the performance is achieved beyond M = 12. Since a smaller M is more desirable
from a practical viewpoint, the region 3 <= M < 12 is recommended for practical
use of HARMONIC,,. When M = k., i = 2, we prove in the following theorem
that the bound for {HARMONIC,,) in Theorem 1 is tight.

THEOREM 2. For M = ki, i = 2, (HARMONICy) = Gy = Yy 1/k; +
/(M - 1).

PrOOF. Consider items of i + 2 sizes: a; = 1/(k;+ )+ 1/c, 1l = j < i, aiyy =
1/kisy — i/c, and ai; = 1/d, where ¢ and d are sufficiently large integers. Note
that %1 a; = 1 and both a;., and a;., are Iy~pieces. Assume that the list L con-
sists of X a/’s, foreach 1 = j =i+ 1,and Y = X/(M — 1) ax>’s and that the arrival
pattern of the a;.,’s and a,.2’s is a sequence of (M — 1) a;.’s followed by one a2,
which repeats Y times. Thus, algorithm HARMONIC,, packs exactly (M — 1)
ai+1’s and one a, into one bin and uses a total of HARMONIC,(L) = Y/,
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TABLE I. THE WoORsT-CASE
PERFORMANCE BOUNDS FOR
ALGORITHM HARMONICyy

WiITH PARTITION NUMBER M

AR MSER

M Gwm

3 1.75

4 1.7222...
5 1.7083 ...
6 1.7

7 1.6944 . ..
8 1.6938...
9 1.6934 ...
10 1.6931...
11 1.6928 ...
12 1.6926. ..
42 1.6910...
0o 1.6910. ..

X/k; + X/(M - 1) bins, whereas an optimal algorithm uses L* = X + X/(M —
1)d) bins. Therefore,

HARMONIC, (L) _ 21 /K + /(M = 1)
L* T+ /(M - 1)d)

and the claim follows since d can be arbitrarily large. Q.E.D.

In comparison with the lower bound 1.536 ... for the worst-case ratio of all on-
line bin-packing algorithms established by Liang [11] and Brown [1], the number
G.. of Corollary 1 is still about 10 percent larger. However, we show that no O(1)-
space on-line bin—packing algorithm can do better than G...

Letx, = 1/4 T & X2 = I/J + ¢, and X3 = 1/6 - 26, where ¢ is a sufficient! 1y SIT mall
positive number. Consider a list L containing #/3 x;’s, followed by n/3 x>’s, and
then n/3 x3’s. With no exception, any on-line bin-packing algorithm must use 7/3
bins to finish packing x; pieces. Under the assumption that the maximum number
T of storage locations for active bins allowed is a constant (i.e., O(1)-space) we
can only keep T of these n/3 bins for further packing. Therefore any on-line
algorithm requires more than (n/3 — 27)/2 bins to pack all x,’s. Since no more
than T nonempty bins can be kept, any algorithm requires more than (n/3 -
67)/6 bins to pack ail x3’s. As a resuit, any on-line algorithm requires more than
(1 +1/2 + 1/6)n/3 — 2T bins to pack L. Since a; + a; + a; = 1, an optimum
packing requires only #n/3 bins. Therefore, the worst-case performance ratio is
always larger than | + 1/2 + 1/6. In general, let x; = 1/(kj+ 1) +efor 1 =j =<

i—land x;=1/k; — (i — l)e where e is a sufficiently small positive number, It
follows from (3.9) that V’ = 1. If the list L contains »n/i x’s for each 1 < j=i

AVLOWS IO D) Al 2 +A10 2380 4 LA Y A S 20 Lalds 2

and smaller pieces always come after larger ones, then it is easrly derived that any
on-line algorithm requires more than Y’ (n/i — k;T)/k; bins to pack L. In com-
parison with optimum packing, which requires only n/i bins, it foilows that any
on-line bin-packing algorithm cannot have a worst-case performance ratio better
than Y., 1/k;. Since i can be arbitrarily large, we arrive at the following conclusion.

THEOREM 3. Let A be any O(1)-space on-line bin-packing algorithm. Then r(A)
=>G.=16910....
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COROLLARY 2. The number G.. = 1.6910 ... is the greatest lower bound for
the worst-case performance ratio of any O(1)-space on-line bin-packing algorithm.

Proor. Corollary 1 implies that, for any § > 0, there exists an integer N such
that | (HARMONIC,) — G.| < 6 for all M > N. The corollary holds since
HARMONIC,, is an O(1)-space algorithm and G. is a lower bound for
r(HARMONIC ).

As aresult, if only a constant amount of temporary space is allowed, the algorithm
HARMONIC,, is asymptotically optimal as M — . Q.E.D.

5. REFINED-HARMONIC

In this section, we modify, at the expense of storage space, the algorithm HAR-
MONIC,, to improve the worst-case performance ratio to 1.6359 ..., which is
better than the ratio 1.666 . . . of REFINED-FIRST-FIT [12]. Indeed, the algorithm
REFINED-HARMONIC to be presented is an O(n)-space and O(n)-time algo-
rithm.

In algorithm HARMONIC,,, and /,-piece whose size is slightly over 1/2 occupies
one bin alone; this seems too wasteful. If this category of I;-pieces can be properly
packed with certain smaller pieces, an improvement on the worst-case performance
can be expected. To achieve this, the unit interval is now partitioned into M + 2
subintervals as follows: (0, 1] = (UL, Ji) U J, U J,, where J; = (59/96, 1], J, =
(1/2, 59/961, J> = (37/96, 1/2}, Jy = (1/3, 37/96], J. = (1 /(k + 1), 1/k], for k = 3,
4, ..., M — 1, and Jy = (0, 1/M], where M is chosen to be 20. In comparison
with the harmonic partition of Section 2, it is seen that J, = I for 3 < k < M and
that I, = J, U J, and I, = J, U J,. The packing strategy for J,-pieces, | < k < M,
will be the same as that for I;-pieces in HARMONIC,, but J,~ and J;-pieces will
be “mixed.” In other words, the intention is to pack small I,-pieces (i.e., J,-pieces)
with small I,-pieces (i.e., J,-pieces) in some predetermined manner. Note that the
sum of a J -piece and a J-piece never exceeds unity.

As before, a bin used to pack Je-pieces exclusively is called a Ji-bin, 1 < k < M,
each J;-bin can pack exactly k J,-pieces, for 1 = k < M, and a Jy~bin can pack at
least to a capacity (M — 1)/M. There are four possibilities for a bin used to pack
J-pieces and Jp-pieces:

(1) A J,-bin contains a J,-piece only.

(2) A Jp-bin contains a Jy-piece only.

(3) A J,-bin contains one J,~piece and one J,-piece.
(4) A Ju-bin contains two Jp-pieces.

For convenience, a bin is classified as a Jy-bin, instead of a Jp-bin, if it contains a
Jy-piece only, but is designated to become a Jy,-bin as soon as the next Jy-piece is
received. In REFINED-HARMONIC, the number of J,~bin never exceeds one.
We use N,, Ny, Nab, Npp, and N, to count the numbers of J-bins, J-bins, J,,-bins,
Jyp-bins, and Jy-bins, respectively, during the processing. Also, let N, = N + Ng.
Given the list L = (a4, as, . . ., a,), we now describe the algorithm.

Algorithm REFINED-HARMONIC
1. Na=Nb=Nab=Nbb=Nb'=Nc=0
2. Ifag;isa J-piece, l =k =M
then use algorithm HARMONIC,, to pack it
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3. else if a; is a J,-piece
then if N, # 0, then pack g; into any J,-bin; Ny «~ Ny — 1; Ny« Ny + 1
else place g; in a new (empty) bin; N, « N, + 1

4, else if a; is a Jy-piece
then if Nb' =1
then pack a; into the Jy-bin; Ny < 0; Npp <« Ny, + 1
5. else if Ny < 3Nc

then place g; in a new bin and designate it as
a Jy-bin; Ny « 1
else if N, # 0
then pack g, into any J,-bin; N, —« N, — 1;
Nab(_'Nab+ I;Nc(-—Nc"' 1
else place ¢;in a new bin; Ny «— N, + I; N,— N, + 1

end

It is obvious that each item takes O(1) time to pack and REFINED-HARMONIC
is therefore an O(n)-time algorithm. However, the algorithm has to store all J,-
bins and J,-bins during the processing and thus needs O(n)-space.

6. Worst-Case Analysis of REFINED-HARMONIC

For 1 < k = M, let n, be the number of Ji-pieces in L and my the total number of
Ji-bins used by REFINED-HARMONIC. Also, let 53 be the total size of all Jy-
pieces in L. Since algorithm HARMONIC,, is used to pack these pieces and bins,
we have from Section 2 that my, = Tm /Kl < m/k + 1, for | sk <M - 1 and
myr < Msy/(M — 1) + 1. Let n, and n, denote, respectively, the numbers of J,-
pieces and J,-pieces in the list L. Let m,, mp, May, Mys, My, and m, be the final
values (i.e., the values at the end of processing) of N,, Ny, Nup, Nps, Ny, and N,
respectively. Note that m, = m, + m,; and

Ry = 2Myp + M, (6.1a)
and
N, = my + Mgy, (6.1b)

Essentially, the algorithm is designed to yield a ratio of my, to m. equal to 3
asymptotically (step 5). Specifically, the algorithm maintains 3(N, — 1) < Ny, <
3(N. + 1). Thus we have

=3 < myp, — 3m. < 3. 6.2)
It follows from (6.1a) and (6.2) that
3n, 3 3 3
Tb—7smbbs%+—7- (6.3)
and that
n, 6 n, 6
7 75mcs7+7 (6.4)

It is also clear that the algorithm ensures that a J,-bin and a J,-bin never coexist.
In other words, we have N,N, = 0 all the time and thus

mamy = 0. 6.5)
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The total number of bins used by REFINED-HARMONIC to pack L is given by

M

REFINED-HARMONIC(L) = Y, my + ma + mp, + m. + my

k=1

1

M._
Ny Msy,
< ¥ =X+
P Y
+ my+ My + m. + 1. (6.6)

+(M-1)

To proceed further, we need to distinguish two cases based on (6.5).
Case 1. m, = 0. In this case, it follows from (6.3), (6.4), and (6.6) that
REFINED-HARMONIC(L)
M-1
Ry MSM 4nb 9
<k§lk+M_1+(M 1)+7+7+1. 6.7)

In parallel with the fraction function g of Section 2, we define 4, as

hl(x)=%=g(x) if x€Ji and l=k=sM-1
Mx .
—M__l—g(x) if x&€Juy
4 .
=7 if xeJ,
=0 if x€J, (6.8)

which represents the fraction of a bin costed by an item of size x in REFINED-
HARMONIC.

Case 2. my = 0. In this case, we have m. = mg,. Therefore, it follows from
(6.1b), (6.3), and (6.6) that

REFINED-HARMONIC(L)
M-1
ne  Msy 3n, 3
< ¥ = - =+ = ) )
k§,k+M—l+(M l)+n+7+7+1 (6.9)

The corresponding fraction function is thus given by

hz(x)=%=g(x) if xeJ; and l<k=M-1
Mx .
—M_l—g(x) if x€Juy
3 .
=7 if xeJ,
=1 if xeJ,.

Having defined A4, and 4, we are ready to study the worst-case performance
ratio of REFINED-HARMONIC. As before, let (y1, )5, ..., y:) be the content of
an arbitrary bin in an optimum packing, where y, = y, = --- = J;. Let H; denote
the supremum of Y., 4;(y;) for all yi, y», ..., ¥, j = 1, 2. Then, using the same
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arguments of Section 3, we have
r(REFINED-HARMONIC) < max{H;, Ha}. (6.10)
LemMA 1. H, < 1.63.

PROOF. It is easy to verify that & (x)/x < 96/59 for x & J,. This implies that
S hi(yi) =96/59 = 1.627 . .. if there is no J,-piece among the 3’s. Now assume
that there is at least one Jy-piece in {y;, y2, ..., y:}. Then we have four possible
cases as follows:

Case 1. y, € J,. Then y, € Jb and y

3
Nn/o
7

+ oo+ 1, < 5/96 € Jy = Juy. Thus, we

) T NN/ 1 £YL
nave L,slnl\y,)\ 1+4/7+ 5/96. U/} 1.020
Case2. y EJa Then mn) = 0 and Y2+ y3+ - + y, < 1/2. Since h(x)/x
« 10717 e a1l  — s vy N 11 19 /7 1
= /10T A X © \U, 1], wE nave L.I—l”l\_}/z}\ IYPAR VAN 1.

Case3. yy€J,. Theny, EJpand ys + - + ¥, <27/9

far v < 27/06 and cince {17 imnliec that of v
10T X X< 4//70 aliQ SIICC (5. /) HHPIICS uldr SA

have Sy A1) < 1/2 + 4/7 + 27/96.6/5 = 1.4089 . . . .

e A I Ifu = T fhnn V3 R T 1/2 and we have S h.(1.) <

Lasea. yicJp. il 2 & Jp, 1 )3 T V< 1/5 alG WC 1AVl 2 =1 Fin)i) <~
4/7 + 4/7 + 1/3-4/3 < 1.6, since hi(x)/x = g(x)/x<4/3 forx < 1/3. If y» & Jp,
then y, < 1/3 and 3t () <4/7 +2/3-4/3 < 1.5. QE.D.

LEMMA 2. H, <373/228 = 1.6359.

PrROOF. It is easy to verify that /,(x)/x < 96/59 for x & J,. This implies that

S ha(3:)=<96/59=1.627...ify & J Assume that y, € J,. Then we have four
possible cases as follows:

Casel. y,€J,. Thenys + .- + y, = 11/96 € J;. Since My(x)/x < 9/8 for
x<11/96 < 1/8, we have Y mp(y) <1+ 1/2 + 11/96.9/8 < 1.63.

Case2. y, € Jp. Then y3 + .- + y, < 1/6. Since hy(x)/x < 7/6, for x < 1/6,
we have Yo () <1 +3/7+1/6-7/6 < 1.63.

Case3. me€ L. Theny; + - +y<l/d IfyseJy,thenys+ .o +y,<
1/20 e J and Z,_ hz(y,) < l + 1/3 + 1/4 + 1/20.20/19 = 373/228 If

¥ s, 1 4 1/2 3 V/A £418 — 1 £2172
y3§c.l4 th il 3 < 1/.) auub,sluz\_y,)\l-r 1/ T 1/5%:0/5 = 1.0530...

Case 4, y, < 1/4. Then since hy(x)/x < 5/4 for x < 1/4, we have Zf~=1 ha(y) <
l.l.l/’) £/4 — 1 ADSK OFED

1 1/‘. J/_’ T A sl e \(-l—d.u-
From these two lemmas, we have the following theorem.
THEOREM 4. The worst-case performance ratio of REFINED-HARMONIC

7. Concluding Remarks

We have presented an O(1)-space and O(#)-time on-line bin-packing algorithm
whose performance is far better than that of NEXT-FIT. In particular, for M > 6,
HARMONIC,, has a worst-case performance ratio strictly less than 1.7, which is

better than FIRST-FIT-an O(nlogn)-time algorithm. Also we have shown that

(G (=1 AOln \ 1¢ tha orantact lawar hannd far tha qt P
oo™ L.WIJ1VU -] 13 LV givatuvat iUyl Uuuuu lUl l.ub WUADL'UGDD puuuuuauu\a 1auu

for any O(1)- space on-line algorithm.
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We have also presented an O(n)-space and O(n)-time algorithm and shown that
its worst-case performance ratio is less than 1.636, which is better than any on-line
bin-packing algorithm known to date.

As a possible direction of future research, one may try to modify HARMONIC,,
in a more sophisticated manner [9] so as to improve its worst-case performance
ratio, possibly at the expense of time-complexity. Finally, we note that it is plausible
to extend the idea to bin-packing problems in higher dimensions.
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